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The dynamic response of a functionally graded layered structure with a crack crossing the interface is analyzed. The in-
plane impact loading condition is considered. By using the Laplace and Fourier integral transforms, singular integral equa-
tion method and residue theory, the present problem is reduced to a singular integral equation in the Laplace transform
domain. The inﬂuences of Young’s modulus ratio, thickness ratio, and crack length and location on the dynamic stress
intensity factors (DSIFs) are investigated. Particularly, the DSIFs corresponding to diﬀerent crack locations are shown
in the case when the crack center moves from one layer to another layer through the interface. The peak and static values
and overshoot characteristics of the DSIFs are analyzed. It is found that these values typically exhibit kinking behavior
when the crack tips arrive at the interface. This study is diﬀerent from previous other investigations in the following
respects: (1) the dynamic response of a crack crossing the interface of a functionally graded structure is studied analytically,
which has hardly been done in the past and (2) the present model can be reduced to some important problems, such as a
functionally graded coating-substrate structure with a crack in the graded coating or homogeneous substrate or one inter-
secting the interface.
 2007 Elsevier Ltd. All rights reserved.
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In a traditional layered structure, the mismatch of material properties between diﬀerent layers results in
high residual and thermal stresses and consequently leads to cracking and debonding. From this viewpoint,
functionally graded materials (FGMs), which exhibit gradual variations in properties, have been developed.
In recent years, functionally graded layered structures such as functionally graded coating-substrate systems
have been widely studied for their important applications in preventing heat penetration, wear, and corrosion0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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L.-C. Guo, N. Noda / International Journal of Solids and Structures 45 (2008) 336–357 337in some engineering ﬁelds. Functionally graded structures can be used to realize enhanced reliability and dura-
bility over conventional discrete layered or coating systems (Miyamoto et al., 1999). Since fracture is a key
failure mode of FGMs, many challenging problems related to the fracture behavior of functionally graded
structures have arisen. In this regard, the successful application of these materials depends on the understand-
ing of their fracture mechanics (Han and Wang, 2006).
In the past few decades, many static fracture problems in FGMs have been investigated as stated below.
Some early theoretical studies on the fracture behaviors of FGMs were conducted by Delale and Erdogan
(1983), Erdogan et al. (1991a,b), Noda and Jin (1993), Jin and Noda (1994), Chen and Erdogan (1996), Choi
(1996), and Erdogan and Wu (1997). Through these investigations, it has been revealed that the singularities in
the crack-tip ﬁeld in nonhomogeneous materials are the same as those in homogeneous ones provided that the
properties of the former are continuous and piecewise diﬀerentiable. In recent years, many crack problems in
all types of functionally graded structures have been studied. Ueda (2001) studied a layered plate with a crack
perpendicular to the functionally graded interface. Choi (2001) studied a functionally graded interfacial struc-
ture containing a crack at an arbitrary angle to the graded interfacial zone. Dag and Erdogan (2002a,b) ana-
lyzed the behavior of surface cracks in FGMs under mixed-mode loading. Considering the orthotropic
properties, Guo et al. (2004c) studied the surface crack problem for a functionally graded orthotropic strip
with an internal crack as well as an edge crack. With regard to the interface crack problems in functionally
graded layered structures, Guo et al. (2004a) and Chen (2005) investigated isotropic and orthotropic coat-
ing-substrate systems subjected to mechanical and thermal loading, respectively. To solve the crack problems
analytically, the material properties in most of the above references are assumed to be exponential functions.
On the other hand, some important numerical simulations regarding the static fracture behaviors of FGMs
have been conducted, including the elastic two-dimensional crack problem (Kim and Paulino, 2002) and
the surface crack problems in three-dimensional FGMs (Walters et al., 2004 and Yildirim et al., 2005).
It should be mentioned that the external loading is usually dynamic in nature under actual conditions. In
particular, the dynamic impact may result in much more serious results than those from static loading. There-
fore, it is very important to investigate the dynamic fracture response of functionally graded structures under
transient impact loading. The torsional impact problems have been investigated by Li and his coworkers (2001
and 2002). In their papers, Li et al. (2001) considered the problem of a cylindrical crack located in the FGM
interlayer between two coaxial elastic dissimilar homogeneous cylinders under the torsional impact loading.
The dynamic stress intensity factor (DSIF) is found to increase rapidly to the peak value and then decrease
and tend to the static value with almost no oscillations. The transient fracture problem of a nonhomogeneous
orthotropic strip with a crack perpendicular to the surface was investigated by Chen and his coworkers (2005).
On the other hand, Guo et al. (2004b, 2005) studied the transient fracture behavior of a functionally graded
coating-substrate system and a layered structure with a functionally graded interfacial layer containing a crack
vertical to the boundary under in-plane impact loading, respectively. In their papers, it was found that the
DSIF for the internal crack usually increases rapidly to a peak value and then tend to the static value with
minimal oscillations. Considering the antiplane shear impact condition, Choi (2004, 2006) analyzed the elas-
todynamic crack problem for a layered structure with a functionally graded interfacial zone. In their investi-
gations, a crack that was vertical or inclined to the interface was located in the homogeneous medium related
to the graded interfacial zone. Recently, Wang and Mai (2006) considered a periodic array of cracks in an
inﬁnite functionally graded material under transient mechanical loading. By means of the Schmidt method,
Zhou et al. (2004) and Ma et al. (2005) investigated the elastic wave problems in FGMs. It is almost impossible
to analytically solve the dynamic crack problem for FGMs with arbitrary properties: in order to do so the
moduli and mass density in most of the above references are assumed to be exponential functions. For FGMs
with general properties, some approximate methods and numerical methods are used. Wang et al. (2000) con-
ducted an approximate analysis of the dynamic crack problem of FGMs by dividing the material into a num-
ber of strips with homogeneous properties. Huang and Wang (2004) developed a multilayered model to
conduct the fracture analysis of a functionally graded interfacial zone under harmonic antiplane loading.
Dag (2006) and Song and Paulino (2006) analyzed the DSIFs for nonhomogeneous materials by using the
ﬁnite element method (FEM). Finally, some experimental studies of the dynamic fracture of FGMs were con-
ducted by Parameswaran and Shukla (1998), Rousseau and Tippur (2001a,b), Kawasaki and Watanabe (2002)
and Yao et al. (2007).
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functionally graded structures, almost all of them are focused on the crack(s) along the interface or in either
the functionally graded layer or the homogeneous layer related to the functionally graded medium. To our
knowledge, few analytical studies have been conducted on the cracks crossing the interface in functionally
graded structures. Mainly several numerical analyses have been conducted on this problem, such as Bleeck
et al. (1998) and Chi and Chung (2003). In fact, cracks vertical to the interface or free surface are an important
and frequent cause of fractures (Kawasaki and Watanabe, 2002). When the crack tips reach the interface, it is
possible to cross the interface and expand it into the next layer. A crack propagating across the interface
between diﬀerent layers in PSZ/superalloy FGMs has been met by Kawasaki and Watanabe (1996). Such
cracks were also observed by Ling et al. (2003) in thermal shock performance experiments of W/Cu FGM.
Therefore, in this paper, the dynamic response of a functionally graded layered structure with a crack crossing
the interface is studied analytically. This analytical procedure uses the Laplace and Fourier integral trans-
forms, singular integral equation method, and the residue theory. The present problem is then reduced to a
singular integral equation in the Laplace transform domain that can be solved numerically. The DSIFs are
calculated by using the Laplace numerical inversion technique. The inﬂuences of Young’s modulus ratio,
thickness ratio and crack length and location on the DSIFs are investigated. Particularly, the DSIFs corre-
sponding to diﬀerent crack locations are obtained when the crack moves from one layer to another layer
through the interface. It should also be mentioned that the present model can be reduced to a functionally
graded coating-substrate structure with a crack in the coating or homogeneous substrate or one intersecting
the interface. Therefore, the present model can also be used to study many transient problems in functionally
graded structures.
2. Problem formulation
The schematic for a functionally graded layered structure subjected to an in-plane impact loading is shown
in Fig. 1. The crack vertical to the interface may be located in either of the two layers or it may cross the inter-
face. Layer 1 is nonhomogeneous and Layer 2 is homogeneous. The thicknesses of the two layers are h1 and h2,
respectively. Further, their mechanical properties and densities of two layers are continuous across the
interface.
Assuming the displacement components along the x- and y-directions to be un(x,y, t) and vn(x,y, t) (n = 1
and 2 denote Layers 1 and 2, respectively), the stress-displacement relations can be written asrnxxðx; y; tÞ ¼ lnðxÞknðxÞ1 1þ knðxÞ½ 
ounðx;y;tÞ
ox þ 3 knðxÞ½  ovnðx;y;tÞoy
n o
rnyyðx; y; tÞ ¼ lnðxÞknðxÞ1 1þ knðxÞ½ 
ovnðx;y;tÞ
oy þ 3 knðxÞ½  ounðx;y;tÞox
n o
rnxyðx; y; tÞ ¼ lnðxÞ ounðx;y;tÞoy þ ovnðx;y;tÞox
h i
8>><
>>>:
n ¼ 1; 2 ð1Þwhere ln(x) (n = 1,2) are shear moduli, tn(x) are Poisson’s ratios, and kn(x) = 3  4tn(x) (for plane strain) and
[3  tn(x)]/[1 + tn(x)] (for plane stress).x
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Fig. 1. Schematic of a functionally graded layered structure with a crack crossing the interface under impact loading.
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ox þ ornxy ðx;y;tÞoy ¼ qnðxÞ o
2unðx;y;tÞ
ot2
ornyyðx;y;tÞ
oy þ ornxy ðx;y;tÞox ¼ qnðxÞ o
2vnðx;y;tÞ
ot2
8<
: n ¼ 1; 2 ð2ÞFor the dynamic problem shown in Fig. 1, the boundary and continuity conditions can be written asr1xyðx; 0; tÞ ¼ 0 ð3Þ
r2xyðx; 0; tÞ ¼ 0 ð4Þ
r1xxð0; y; tÞ ¼ 0 ð5Þ
r1xyð0; y; tÞ ¼ 0 ð6Þ
r2xxðh1 þ h2; y; tÞ ¼ 0 ð7Þ
r2xyðh1 þ h2; y; tÞ ¼ 0 ð8Þ
r1xxðh1; y; tÞ ¼ r2xxðh1; y; tÞ ð9Þ
r1xyðh1; y; tÞ ¼ r2xyðh1; y; tÞ ð10Þ
v1ðh1; y; tÞ ¼ v2ðh1; y; tÞ ð11Þ
u1ðh1; y; tÞ ¼ u2ðh1; y; tÞ ð12Þ
v1ðx; 0; tÞ ¼ 0 0 6 x 6 h1 and x 62 ða; bÞ ð13Þ
v2ðx; 0; tÞ ¼ 0 h1 6 x 6 h1 þ h2 and x 62 ða; bÞ ð14Þ
rnyyðx; 0; tÞ ¼ r0ðxÞHðtÞ; a < x < b; n ¼
1 For the part of the crack in Layer 1
2 For the part of the crack in Layer 2

ð15Þwhere r0(x)H(t) denotes the impact on the crack face, r0(x) is a known function and H(t) is the Heaviside
function. It should be noted that the crack locations include three cases in condition (15): Case 1:
a < x < b < h1 implies n = 1 and the crack lies completely in Layer 1; Case 2: h1 6 a < x < b implies n = 2
and the crack lies completely in Layer 2; Case 3: the crack intersects the interface with one part of the crack
located in Layer 1 (i.e., a < x < h1 < b and n = 1) and the other part of the crack located in Layer 2 (i.e.,
a < h1 < x < b and n = 2).
It has been revealed that the eﬀect of Poisson’s ratio on the stress intensity factors is not very signiﬁcant for
the present type of problem (Erdogan and Wu, 1997). Therefore, Poisson’s ratio is assumed to be a constant.
Then, we have k1 = k2 = k = 3  4t (for plane strain) or (3  t)/(1 + t) (for plane stress). The problem can be
analytically solved if the nonhomogeneous properties of the FGM are deﬁned by an exponential function of
the coordinates; this approach has been used by some authors such as Erdogan and Wu (1997), Choi (1996),
Guo et al. (2004b), Wang and Mai (2006). In other words, the shear modulus and density of the functionally
graded coating are deﬁned asl1ðxÞ ¼ l0edx; q1ðxÞ ¼ q0edx ð16Þ
where l0, d, and q0 are material constants. Based on the continuity of the material properties between two
layers, we obtain the following properties of Layer 2l2 ¼ l0edh1 ; q2 ¼ q0edh1 ð17Þ
The properties shown in expression (16) are explained as follows. It has been shown that under mechanical
loading, the exponentially distributed elastic constants provide a good estimation of the stress intensity factors
(Wang et al., 2002). It should be noted that the shear modulus and mass density use the same form in the func-
tionally graded layer in expression Eq. (16) in order to make the problem solvable analytically, as some
researchers (Wang and Mai, 2006; Meguid et al., 2002) have done previously. By this method, the longitudinal
and shear wave speeds c1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðkþ 1Þl0=½ðk 1Þq0p and c2 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃl0=q0p , respectively, are constants. In other
words, the present problem considers the eﬀects of varying shear modulus (or Young’s modulus) and mass
density, and ignores the eﬀect of the spatial variation in wave speeds. As mentioned by Meguid et al.
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comparison with that of Young’s modulus and mass density. The results in Li et al. (2002) reveal that the stiﬀ-
ness ratio has a stronger inﬂuence on the DSIFs than the mass density ratio.
Substituting the stress-displacement relations (1) into the dynamic governing (2) and using the Laplace and
Fourier transforms, the displacement components can be obtained asunðx; y; pÞ ¼ 12p
R1
1
P2
j¼1
En1jðs; pÞAn1jekn1jyisxdsþ 2p
R1
0
P4
j¼1
En2jða; pÞAn2jekn2jy cosðayÞda
vnðx; y; pÞ ¼ 12p
R1
1
P2
j¼1
An1jekn1jyisxdsþ 2p
R1
0
P4
j¼1
An2jekn2jy sinðayÞda
8>><
>>:
ð18Þwhere the superscript * denotes the Laplace transform; p is the Laplace variable in the time transform domain;
s and a are the Fourier variables; En1j (n = 1,2; j = 1,2) and En2j (n = 1,2; j = 1, . . . , 4) are known expressions
shown in Appendix A. An1j (n = 1,2; j = 1,2) and An2j (n = 1,2; j = 1 . . . , 4) are unknown variables that are to
be determined. It should be noted that considering the symmetry of the structure in Fig. 1, the displacement
components for only the left half (y 6 0) are given in Eq. (18).
Substituting expressions (18) into Eq. (1), the stress components are obtained asr1xxðx; y; pÞ ¼ edx 12p
R1
1
P2
j¼1
B11jðs; pÞA11jek11jyisxdsþ 2p
R1
0
P4
j¼1
B12jða; pÞA12jek12jx cosðayÞda
" #
r1yyðx; y; pÞ ¼ edx 12p
R1
1
P2
j¼1
C11jðs; pÞA11jek11jyisxdsþ 2p
R1
0
P4
j¼1
C12jða; pÞA12jek12jx cosðayÞda
" #
r1xyðx; y; pÞ ¼ edx 12p
R1
1
P2
j¼1
D11jðs; pÞA11jek11jyisxdsþ 2p
R1
0
P4
j¼1
D12jða; pÞA12jek12jx sinðayÞda
" #
8>>>>><
>>>>>>:
ð19Þ
r2xxðx; y; pÞ ¼ 12p
R1
1
P2
j¼1
B21jðs; pÞA21jek21jyisxdsþ 2p
R1
0
P4
j¼1
B22jða; pÞA22jek22jx cosðayÞda
r2yyðx; y; pÞ ¼ 12p
R1
1
P2
j¼1
C21jðs; pÞA21jek21jyisxdsþ 2p
R1
0
P4
j¼1
C22jða; pÞA22jek22jx cosðayÞda
r2xyðx; y; pÞ ¼ 12p
R1
1
P2
j¼1
D21jðs; pÞA21jek21jyisxdsþ 2p
R1
0
P4
j¼1
D22jða; pÞA22jek22jx sinðayÞda
8>>>>><
>>>>:
ð20Þwhere the known coeﬃcients Bn1j, Cn1j, and Dn1j (n = 1,2; j = 1,2) and Bn2j, Cn2j, and Dn2j (n = 1,2;
j = 1, . . . , 4) are given in Appendix A. kn1j andkn2j are the roots of the characteristic equations. The related de-
tails can be found in Guo et al. (2004b). These characteristic roots are provided in Appendix A. Without loss
of generality, the above characteristic roots are arranged as Re(kn21,kn22) > 0 (n = 1,2) and Re(k223,k224) < 0.
In the Laplace transform domain, we introduce the following auxiliary functiongðx; pÞ ¼
ov
1
ðx;0;pÞ
ox 0 < x < h1
ov
2
ðx;0;pÞ
ox h1 6 x < h1 þ h2
(
ð21Þwhere g*(x,p) requiresgðx; pÞ ¼ 0; x 62 ða; bÞ ð22ÞZ b
a
gðx; pÞdx ¼ 0 ð23ÞSubstituting the displacement component (18) into Eq. (21) and using conditions (13), (14), and (22), we
obtain the following relations
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j¼1
ðisÞAn1j ¼
Z b
a
gðu; pÞeisudu; n ¼ 1; 2 ð24ÞUsing Eq. (24) and conditions (3) and (4), An1j can be expressed using g*(u,p) asAn1j ¼ qnj
Z b
a
gðu; pÞeisudu; n ¼ 1; 2 and j ¼ 1; 2 ð25Þwhere qnj are given in Appendix A.
Using the boundary conditions (5) and (6) and Eq. (25), we obtain the following equations½X 1fA12g ¼
Z b
a
fC0ðu; a; pÞggðu; pÞdu ð26Þwhere½X 1 ¼
B121 B122 B123 B124
D121 D122 D123 D124
 
ð27Þ
fA12g ¼ A121 A122 A123 A124f gT ð28Þ
fC0ðu; a; pÞg ¼ R01ðu; a; pÞ R02ðu; a; pÞf gT ð29Þin whichR01ðu; a; pÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
B11jq1je
isuek11jyds
 !
cosðayÞdy
" #
ð30Þ
R02ðu; a; pÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
D11jq1je
isuek11jyds
 !
sinðayÞdy
" #
ð31ÞUsing boundary conditions (7) and (8) and Eq. (25), the following equations can be obtained½X 2fA22g ¼
Z b
a
fC1ðu; a; pÞggðu; pÞdu ð32Þwhere½X 2 ¼ B221e
k221ðh1þh2Þ B222ek222ðh1þh2Þ B223ek223ðh1þh2Þ B224ek224ðh1þh2Þ
D221ek221ðh1þh2Þ D222ek222ðh1þh2Þ D223ek223ðh1þh2Þ D224ek224ðh1þh2Þ
" #
ð33Þ
fA22g ¼ A221 A222 A223 A224f gT ð34Þ
fC1g ¼ R03ðu; a; pÞ R04ðu; a; pÞf gT ð35Þin whichR03ðu; a; pÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
B21jq2je
isuek21jyisðh1þh2Þds
 !
cosðayÞdy
" #
ð36Þ
R04ðu; a; pÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
D21jq2je
isuek21jyisðh1þh2Þds
 !
sinðayÞdy
" #
ð37ÞFrom the stress and displacement continuity conditions (9)–(12), we obtain the following equations½Y 1fA12g  edh1 ½Y 2fA22g ¼
Z b
a
R11ðu; a; pÞ  R21ðu; a; pÞedh1
R12ðu; a; pÞ  R22ðu; a; pÞedh1
 
gðu; pÞdu ð38Þ
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Z b
a
R13ðu; a; pÞ  R23ðu; a; pÞ
R14ðu; a; pÞ  R24ðu; a; pÞ
 
gðu; pÞdu ð39Þwhere½Y n ¼
Bn21ekn21h1 Bn22ekn22h1 Bn23ekn23h1 Bn24ekn24h1
Dn21ekn21h1 Dn22ekn22h1 Dn23ekn23h1 Dn24ekn24h1
 
; n ¼ 1; 2 ð40Þ
Rn1ðu; a; pÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
Bn1jqnje
isuekn1jyish1ds
 !
cosðayÞdy
" #
; n ¼ 1; 2 ð41Þ
Rn2ðu; a; pÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
Dn1jqnje
isuekn1jyish1ds
 !
sinðayÞdy
" #
; n ¼ 1; 2 ð42Þ
½Zn ¼
En21ekn21h1 En22ekn22h1 En23ekn23h1 En24ekn24h1
ekn21h1 ekn22h1 ekn23h1 ekn24h1
 
; n ¼ 1; 2 ð43Þ
Rn3ðu; a; pÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
En1jqnje
isuekn1jyish1ds
 !
cosðayÞdy
" #
; n ¼ 1; 2 ð44Þ
Rn4ðu; a; pÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
qnje
isuekn1jyish1ds
 !
sinðayÞdy
" #
; n ¼ 1; 2 ð45ÞThus, by combining Eqs. (26), (32), (38), and (39), we obtain the following equations½X 1 0
½H1 ½H2
0 ½X 2
2
64
3
75
88
fA12g
fA22g
 
81
¼
Z b
a
fC0g
fC2g
fC1g
8><
>:
9>=
>;
81
gðu; pÞdu ð46Þwhere½H1ðxÞ ¼
½Z1
½Y 1
 
; H2ðxÞ½  ¼
½Z2
edh1 ½Y 2
 
ð47Þ
fC2g ¼
R13ðu; a; pÞ  R23ðu; a; pÞ
R14ðu; a; pÞ  R24ðu; a; pÞ
R11ðu; a; pÞ  R21ðu; a; pÞedh1
R12ðu; a; pÞ  R22ðu; a; pÞedh1
8>><
>>:
9>>=
>>;
ð48ÞBy solving linear Eq. (46), the unknowns {An2}(n = 1,2) can be expressed in terms of the auxiliary function
g*(u,p). Then, substituting {An2}(n = 1,2) into the stress expression (20) and using the crack face stress con-
dition (15), the following integral equation can be obtained1
2p
Z 1
1
X2
j¼1
Cn1jðs; pÞAn1jekn1jyisxdsþ 2p
Z 1
0
X4
j¼1
Cn2jða; pÞAn2jekn2jx cosðayÞda ¼  r0ðxÞe
 1þð1Þn12
 
dx
p
;
y ¼ 0; a < x < b ð49Þ
wheren ¼ 1 when a < x < b [ x < h1
n ¼ 2 when a < x < b [ xP h1

ð50ÞEq. (49) can be manipulated and expressed as
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a ½h11ðu; x; pÞ þ h12ðu; x; pÞgðu; pÞdu ¼ edxr0ðxÞ=p; a < x < b [ x < h1R b
a ½h21ðu; x; pÞ þ h22ðu; x; pÞgðu; pÞdu ¼ r0ðxÞ=p; a < x < b [ xP h1
(
ð51ÞIn Eq. (51),hn1ðu; x; pÞ ¼ lim
y!0
1
2p
Z 1
1
Kn1ðy; s; pÞeisðuxÞds; n ¼ 1; 2 ð52Þ
hn2ðu; x; pÞ ¼ lim
y!0
2
p
Z 1
0
Kn2ðu; x; a; pÞ cosðayÞda; n ¼ 1; 2 ð53Þ
Kn1ðy; s; pÞ ¼
X2
j¼1
Cn1jqnje
kn1jy ; n ¼ 1; 2 ð54aÞ
Kn2ðu; x; a; pÞ ¼ ½PnðxÞfQng; n ¼ 1; 2 ð54bÞ
½PnðxÞ ¼ ½Cn21ekn21x Cn22ekn22x Cn23ekn23x Cn24ekn24x ; n ¼ 1; 2 ð55Þ
fQ1g
fQ2g
 
¼
½X 1 0
½H1 ½H2
0 ½X 2
2
64
3
75
1
88
fC0g
fC2g
fC1g
8><
>:
9>=
>;
81
ð56ÞConsidering the singularity of Eq. (51), an asymptotic analysis is required. After lengthy manipulations,
when s!1, the asymptotic form of Kn1(y, s) (y = 0) can be obtained asKn11ð0; s; pÞ ¼ wni; n ¼ 1; 2 ð57Þ
wherew1 ¼ 4l0
1þ k
jsj
s
; w2 ¼ 4l2
1þ k
jsj
s
ð58ÞFinally, the singular integral equation is obtained as1
p
Z b
a
w1
x uþ k11ðu; x; pÞ þ ph12ðu; x; pÞ
h i
gðu; pÞdu ¼ edx r0ðxÞ
p
; a < x < b [ x < h1 ð59aÞ
1
p
Z b
a
w2
x uþ k21ðu; x; pÞ þ ph22ðu; x; pÞ
h i
gðu; pÞdu ¼  r0ðxÞ
p
; a < x < b [ xP h1 ð59bÞwherekn1ðu; x; pÞ ¼
Z 1
1
½Kn1ð0; s; pÞ  Kn11ð0; s; pÞeisðuxÞds; n ¼ 1; 2 ð60ÞThe singular integral Eqs. (59) will be solved by the numerical method (Erdogan and Gupta, 1972).
To reduce (59) to a standard form, the intervals are normalized by settingu ¼ b a
2
rþ bþ a
2
; x ¼ b a
2
sþ bþ a
2
ð61ÞThe solution of Eqs. (59) may be written asgðr; pÞ ¼ f
ðr; pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1 r2Þp ð62ÞThen, according to Erdogan and Gupta (1972), the singular integral Eqs. (59a and 59b) can be written asXm
l¼1
1
m
f ðrl; pÞ w1sj  rl þ
b a
2
k11ðrl; sj; pÞ þ b a
2
ph12ðrl; sj; pÞ
 
¼ ed½ba2 sjþbþa2  r0ðsjÞ
p
; j ¼ 1; . . . ;m 1
ð63aÞ
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l¼1
1
m
f ðrl; pÞ w2sj  rl þ
b a
2
k21ðrl; sj; pÞ þ b a
2
ph22ðrl; sj; pÞ
 
¼  r0ðsjÞ
p
; j ¼ 1; . . . ;m 1 ð63bÞin whichrl ¼ cos pð2l 1Þ=ð2mÞ½  ð64Þ
sj ¼ cosðpj=mÞ ð65ÞCombining Eqs. (63) and (23), f*(rl,p) can be determined. When the crack tips are located in Layer 1, the
stress intensity factor in the Laplace transform domain can be deﬁned ask1ða; pÞ ¼ limx!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ða xÞ
p
r1yyðx; 0; pÞ ¼ 
4l0
1þ k e
da
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b a
2
r
f ð1; pÞ ð66aÞ
k1ðb; pÞ ¼ limx!b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx bÞ
p
r1yyðx; 0; pÞ ¼
4l0
1þ k e
db
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b a
2
r
f ð1; pÞ ð66bÞWhen the crack tips are located in Layer 2, the stress intensity factor in Laplace transform domain can be
deﬁned as:k1ða; pÞ ¼ limx!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ða xÞ
p
r2yyðx; 0; pÞ ¼ 
4l2
1þ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b a
2
r
f ð1; pÞ ð66cÞ
k1ðb; pÞ ¼ limx!b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx bÞ
p
r2yyðx; 0; pÞ ¼
4l2
1þ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b a
2
r
f ð1; pÞ ð66dÞFinally, the DSIFs can be calculated by applying the Laplace numerical inversion technique (Miller and
Guy, 1966) to expressions (66a–d). It should be noted that the numerical Laplace inversion method is case-
sensitive with the parameter variation in Miller and Guy (1966). In order to obtain convergent or accurate
results, two parameters in Miller and Guy (1966) should be determined based on the actual problem. For
the present problem, the results are usually stable or not sensitive for a certain range of the parameters,. When
using the Laplace inversion method, it should be noted that the dynamic stress intensity factors (DSIFs)
obtained from the numerical Laplace inversion should satisfy two conditions, namely, the initial condition
k1(a, t) jt=0 = k1(b, t)jt=0! 0 and the steady condition (the DSIFs tend to the static values when t!1). Since
the DSIFs usually tend to the steady values very rapidly, it is not necessary to calculate the results as t!1.
3. Necessary mathematical manipulations of some important expressions
In the above expressions, some important expressions such as R01 (u,a,p), . . . ,R04(u,a,p) and Rn1
(u,a,p), . . . ,Rn4(u,a,p), include inﬁnite integrals and are very complex. In order to make the problem tractable,
some necessary mathematical manipulations are required.
Firstly, by using the following formulasR 0
1 e
ky cosðayÞdy ¼ k
a2þk2R 0
1 e
ky sinðayÞdy ¼ a
a2þk2
8<
: ; ReðkÞP 0 ð67ÞRni(u,a,p) (n = 0,1,2; i = 1,2) in expressions (30), (31), (41) and (42) can be transformed into the following
formsR01ðu; a; pÞ ¼  1
2p
Z 1
1
X2
j¼1
B11jq1j
k11j
a2 þ k211j
 !
eisuds ð68aÞ
R02ðu; a; pÞ ¼  1
2p
Z 1
1
X2
j¼1
D11jq1j
a
a2 þ k211j
 !
eisuds ð68bÞ
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2p
Z 1
1
X2
j¼1
Bn1jqnj
kn1j
a2 þ k2n1j
 !
eisðuh1Þds; n ¼ 1; 2 ð69aÞ
Rn2ðu; a; pÞ ¼  1
2p
Z 1
1
X2
j¼1
Dn1jqnj
a
a2 þ k2n1j
 !
eisðuh1Þds; n ¼ 1; 2 ð69bÞAfter some manipulations, R0i(u,a,p) (i = 1,2) can be written asR01ðu; a; pÞ ¼
Z 1
1
ðk 3Þp2q0½l0dsþ iða2l0 þ p2q0Þ þ s2l0i½8l0a2 þ ðk 3Þp2q0
2pð1þ kÞl0s½s ik121ðaÞ½s ik122ðaÞ½s ik123ðaÞ½s ik124ðaÞ
eisuds ð70aÞ
R02ðu; a; pÞ ¼
Z 1
1
a 8s3l0 þ 8idl0s2 þ 4p2q0s iðk 3Þp2dq0½ 
2pð1þ kÞs s ik121ðaÞ½  s ik122ðaÞ½  s ik123ðaÞ½  s ik124ðaÞ½  e
isuds ð70bÞNow, the residue theory can be applied to expressions (70). Then, R0i(u,a,p) (i = 1,2) can be simpliﬁed asR0iðu; a; pÞ ¼ R0i1ða; pÞeuk121 þ R0i2ða; pÞeuk122 þ R0i3ða; pÞ; ði ¼ 1; 2Þ ð71Þ
where the known expressionsR0i1(a,p), R0i2(a,p) and R0i3(a,p) (i = 1,2) are listed in Appendix B.
Similarly, by using the residue theory, R0i(u,a,p) (i = 3,4) can be simpliﬁed asR0iðu; a; pÞ ¼ R0i1ða; pÞeðh1þh2uÞk223 þ R0i2ða; pÞeðh1þh2uÞk224 þ R0i3ða; pÞ; ði ¼ 3; 4Þ ð72Þ
in which the known expressionsR0i1(a,p), R0i2(a,p) and R0i3(a,p) (i = 3,4) are given in Appendix B.
The manipulations of Rni(u,a,p) (n = 1,2; i = 1,2) must consider the location where the variable u lies.
When u < h1, which will be satisﬁed when the crack is completely or partly located in Layer 1, Rni(u,a,p)
(n = 1,2; i = 1,2) in expressions (69a) and (69b) can be manipulated asR11ðu; a; pÞ ¼
Z 1
1
ðk 3Þp2q0 l0dsþ iða2l0 þ p2q0Þ½  þ is2l0 8l0a2 þ ðk 3Þp2q0½ 
2pð1þ kÞl0s sþ ik121ðaÞ½  sþ ik122ðaÞ½  sþ ik123ðaÞ½  sþ ik124ðaÞ½ 
eisðh1uÞds ð73aÞ
R12ðu; a; pÞ ¼
Z 1
1
a 8s3l0 þ 4p2q0sþ d 8il0s2 þ ðk 3Þip2q0
 	 

2pð1þ kÞs sþ ik121ðaÞ½  sþ ik122ðaÞ½  sþ ik123ðaÞ½  sþ ik124ðaÞ½  e
isðh1uÞds ð73bÞ
R21ðu; a; pÞ ¼
Z 1
1
ðk 3Þp2q2iða2l2 þ p2q2Þ þ is2l2 8l2a2 þ ðk 3Þp2q2½ 
2pð1þ kÞl2s sþ ik221ðaÞ½  sþ ik222ðaÞ½  sþ ik223ðaÞ½  sþ ik224ðaÞ½ 
eisðh1uÞds ð74aÞ
R22ðu; a; pÞ ¼
Z 1
1
að8s2l2 þ 4p2q2Þ
2pð1þ kÞ sþ ik221ðaÞ½  sþ ik222ðaÞ½  sþ ik223ðaÞ½  sþ ik224ðaÞ½  e
isðh1uÞds ð74bÞApplying the residue theory to expressions (73) and (74), Rni (u,a,p) can be simpliﬁed asRniðu; a; pÞ ¼ Rni1ða; pÞeðh1uÞkn23 þ Rni2ða; pÞeðh1uÞkn24 þ Rni3ða; pÞ; ðn ¼ 1; 2; i ¼ 1; 2Þ; u < h1 ð75Þ
where the known expressionsRni1(a,p), Rni2(a,p) and Rni3(a,p) (n = 1,2; i = 1,2) are given in Appendix B.
When uP h1, which will be satisﬁed when the crack is completely or partly located in Layer 2, Rni(u,a,p)
(n = 1,2; i = 1,2) can be manipulated asR11ðu; a; pÞ ¼
Z 1
1
ðk 3Þp2q0 l0dsþ iða2l0 þ p2q0Þ½  þ s2l0i 8l0a2 þ ðk 3Þp2q0½ 
2pð1þ kÞl0s s ik121ðaÞ½  s ik122ðaÞ½  s ik123ðaÞ½  s ik124ðaÞ½ 
eisðuh1Þds ð76aÞ
R12ðu; a; pÞ ¼
Z 1
1
a 8s3l0 þ 8idl0s2 þ 4p2q0s iðk 3Þp2dq0½ 
2pð1þ kÞs s ik121ðaÞ½  s ik122ðaÞ½  s ik123ðaÞ½  s ik124ðaÞ½  e
isðuh1Þds ð76bÞ
R21ðu; a; pÞ ¼
Z 1
1
ðk 3Þp2q2iða2l2 þ p2q2Þ þ s2l2i 8l2a2 þ ðk 3Þp2q2½ 
2pð1þ kÞl2s s ik221ðaÞ½  s ik222ðaÞ½  s ik223ðaÞ½  s ik224ðaÞ½ 
eisðuh1Þds ð77aÞ
R22ðu; a; pÞ ¼
Z 1
1
að8s2l2 þ 4p2q2Þ
2pð1þ kÞ s ik221ðaÞ½  s ik222ðaÞ½  s ik223ðaÞ½  s ik224ðaÞ½  e
isðuh1Þds ð77bÞBy using the residue theory, Rni(u,a) (n = 1,2; i = 1,2) can be simpliﬁed as
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where the known expressions Rni1(a,p), Rni2(a,p) and Rni3(a,p) (n = 1,2; i = 1,2) are listed in Appendix B.
Similarly, Rni(u,a,p) (n = 1,2; i = 3,4) can also be simpliﬁed by using the residue theory asRniðu; a; pÞ ¼ Rni1ða; pÞeðh1uÞkn23 þ Rni2ða; pÞeðh1uÞkn24 þ Rni3ða; pÞ; ðn ¼ 1; 2; i ¼ 3; 4Þ; u < h1 ð79Þ
Rniðu; a; pÞ ¼ Rni1ða; pÞeðh1uÞkn21 þ Rni2ða; pÞeðh1uÞkn22 þ Rni3ða; pÞ; ðn ¼ 1; 2; i ¼ 3; 4Þ; uP h1 ð80Þwhere Rni1(a,p), Rni2(a,p), and Rni3 (a,p) (n = 1,2; i = 3,4) are listed in Appendix B.4. Results and discussions
The following analysis will be conducted under the plane strain state. We assume r0(x) = r0 to be constant.
For convenience, we deﬁne the normalized half crack length as a0 = (b  a)/(2h1), the normalized x-coordinate
of the crack center as c0 = (b + a)/(2h1), and the normalized time as c2t/(a0h1). The DSIFs will be normalized
by k0 ¼ r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a0h1
p
. Poisson’s ratio is assumed to be 0.3. Further, we use the normalized nonhomogeneity param-
eter dh1 = ln(E20/E10), where E10 and E20 are the Young’s moduli of the upper surface of Layers 1 and 2,
respectively.4.1. Veriﬁcation
Before the analysis, the validity of the analytical solution must be veriﬁed. First, an inﬁnitely long homo-
geneous strip with a central crack vertical to the free surfaces is selected. The corresponding static problem was
studied by Isida (1971). The structure in Fig. 1 can be reduced to a homogeneous strip with a central crack by
assuming h1 = h2, c0 = 1, and dh1 = 0 (i.e., E20/E10 = 1). Fig. 2 shows the DSIFs for diﬀerent crack lengths
when the homogeneous strip is subjected to impact loading on the crack face. For the symmetry of the struc-
ture, k1(a, t)/k0 = k1(b, t)/k0 and only k1(a, t)/k0 is provided in Fig. 2. The static values of the DSIFs for dif-
ferent crack lengths in Fig. 2 are compared with the static results of Isida (1971), as shown in Table 1. It
can be found that the present results agree well with those of Isida (1971). Second, a functionally graded struc-
ture will be selected for further veriﬁcation. By assuming c0 = 0.5 and h2/h1 = 1, the present model in Fig. 1 is
reduced to a functionally graded coating-substrate system with a crack located in the center of the coating.
Assuming a0 = 0.15 and dh1 = ln0.2 (i.e., E20/E10 = 0.2), the corresponding dynamic results are shown in
Fig. 3. Through comparisons, the present DSIFs are observed to match well with those given in Fig. 2 of
Guo et al. (2004b).0 2 4 6 8 10
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Fig. 2. DSIFs for a homogeneous strip with a central crack.
Table 1
The static values of the DSIFs for a central crack in a homogeneous strip
SIF Present static values of the DSIFs Isida (1971)
ðbaÞ
ðh1þh2Þ
k1ða;tÞ
k0
¼ k1ðb;tÞk0 k1k0
0.1 1.004 1.006
0.2 1.025 1.025
0.3 1.044 1.058
0.4 1.102 1.109
0.5 1.182 1.187
0.6 1.307 1.303
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Fig. 3. DSIFs for a functionally graded coating-substrate structure with a central crack in the coating.
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malized crack center location c0, normalized half crack length a0 and thickness ratio h2/h1) on the DSIFs will
be analyzed.4.2. Inﬂuences of the modulus ratio on the DSIFs
To verify the inﬂuences of the modulus ratio E20/E10 on the normalized DSIFs, we consider a crack with its
center on the interface of the two layers, i.e., c0 = 1. For convenience, assuming a0 = 0.2, and h2/h1 = 1, the
corresponding results are given in Fig. 4(a) and (b). Typically, it is adequate for E20/E10 to vary between 0.10 2 4 6 8 10
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Fig. 4. (a) Inﬂuences of the modulus ratio on the DSIFs of crack-tip (a, 0). (b) Inﬂuences of the modulus ratio on the DSIFs of crack-tip
(b, 0).
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increase in E20/E10. Conversely, the corresponding values of k1 (b, t)/k0 increase with E20/E10. Moreover,
through comparisons between k1(a, t)/k0 and k1(b, t)/k0 for the same modulus ratio E20/E10, it is found that
when E20/E10 > 1, the peak and static values of k1(a, t)/k0 are less than those of k1(b, t)/k0 and when E20/
E10 < 1, the reverse is true. Naturally, k1(a, t)/k0 = k1(b, t)/k0 when E20/E10 = 1. Consequently, we conclude
from Fig. 4(a) and (b) that the peak and static values of the normalized DSIFs are larger for the crack tip
lying in the relatively stiﬀer layer.
4.3. Inﬂuences of the normalized crack location on the DSIFs
Next, the inﬂuences of the normalized x-coordinate c0 of the crack center on the DSIFs will be examined.
For convenience, assume h2/h1 = 1 and a0 = 0.2. In an actual functionally graded structure, the graded cera-
mic coating is usually stiﬀer than the metal substrate, i.e., E20/E10 < 1. Therefore, we consider an extreme case
where E20/E10 = 0.1. When c0 = (b + a)/(2h1) varies from 0.5 to 1.5, it corresponds to a signiﬁcant case
wherein the crack is moved from the center of Layer 1 to that of Layer 2 through the interface. The variation
in k1(a, t)/k0 with c0 is depicted in Fig. 5(a) and (b). The variation in k1(b, t)/k0 with c0 is depicted in Fig. 6(a)
and (b). The following observations are made: (1) the peak and static values of k1(a, t)/k0 ﬁrst decrease with an
increase in c0 up to c0 = 1.2 and then increase with c0, as shown in Fig. 5(a) and (b); (2) the corresponding
values of k1(b, t)/k0 decrease with an increase in c0 up to c0 = 0.8 and then increase with c0, as shown in
Fig. 6(a) and (b).
On the other hand, the peak and static values of the DSIFs in Figs. 5 and 6 are summarized in
Fig. 7 in which some overshoot characteristics can be found with the variation in c0, see solid lines
and dash lines in Fig. 7. It should be noted that when c0 = 1.2, the crack tip (a, 0) arrives at the inter-
face and when c0 = 0.8, the crack tip (b,0) arrives at the interface. Therefore, according to the above
analysis, the peak and static values of the DSIFs exhibit kinking behavior when the crack tips reach
the interface. Next, we will explain this phenomenon by analyzing the static values through the following
four steps:
(1) First, we consider the course in which the crack moves only in Layer 1 (0.5 6 c0 6 0.8). It should be
noted that E20/E10 = 0.1 means the Young’s modulus decreases from the free surface of Layer 1 to
the interface. Comparing two cases c0 = 0.5 and c0 = 0.8, when c0 = 0.5, the crack tips are closer to
the free surface of Layer 1 and the material moduli of the location where the crack tips lie are larger.
When the crack moves away from the free surface, the inﬂuences of the free surface will become weaker.
Therefore, we can conclude that when the crack moves towards the interface (from c0 = 0.5 to c0 = 0.8),
the static values of the DSIFs should experience some decrease.0 2 4 6 8 10
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Fig. 5. Inﬂuences of the crack location on the DSIFs of crack-tip (a, 0). (a) c0 6 1.2. (b) c0P 1.2.
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Fig. 7. Inﬂuences of the crack location on the peak and static values of the DSIFs.
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Layer 2 is homogeneous. Comparing two cases c0 = 1.2 and c0 = 1.5, when c0 = 1.5, the crack tips
are closer to the free surface of Layer 2. Therefore, we can conclude that when the crack moves towards
the interface (from c0 = 1.5 to c0 = 1.2), the static values of the DSIFs should also experience some
decrease. This phenomenon is easy to understand and the similar phenomenon has also been shown
by Choi (1996), see the dash lines of Fig. 3 in Choi (1996).
(3) If the above two conclusions regarding the static values of the DSIFs are right, then it is clear that
the curve for the static values should ﬁrst decrease when c0 increases from c0 = 0.5 and also decrease
when c0 decreases from c0 = 1.5. Therefore, there must be a kink between c0 = 0.5 and c0 = 1.5.
(4) To verify this phenomenon, some static values of the DSIFs are calculated by using the ﬁnite element
method (FEM) when the crack tips are close to the interface. The FEM static values of k1(a, t)/k0 are
provided with c0 = 1.0–1.4 and those of k1(b, t)/k0 are provided with c0 = 0.7–1.1. The dispersed points
shown in Fig. 7 are the static values of the DSIFs obtaind by the FEM. Since the FEM results are
approximately calculated based on the crack opening displacement (COD), they are not very accurate
but the trend should be right. It can be found from Fig. 7 that the static analytical results of the DSIFs
and the FEM results have the same trend and the same kinking position.
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Peak/k1(a, t)
static and k1(b, t)
Peak/k1 (b, t)
static
are approximately between 1.12–1.23 and the ratio k1(a, t)
Peak/k1(b, t)
Peak is approximately between 0.96 and
1.43.4.4. Inﬂuences of the normalized half crack length on the DSIFs
To illustrate the inﬂuences of the crack length on the DSIFs for a crack crossing the interface, we ﬁrst
assume c0 = 1.0 and h2/h1 = 1. Then, two representative nonhomogeneity constants E20/E10= 0.1 < 1 and
E20/E10 = 10 > 1 are considered. When E20/E10 = 0.1 < 1, as shown in Figs. 8(a) and (b), it is shown that
the peak and static values of k1(a, t)/k0 noticeably increase with a0. As compared with k1(a, t)/k0, the corre-
sponding values of k1(b, t)/k0 vary slightly with the variations in a0. If both layers are the same homogeneous
materials (E20/E10 = 1), k1(a, t)/k0 and k1 (b, t)/k0 should increase equally with the crack length, as shown in
Fig. 2. However, k1(a, t)/k0 now exhibits more obvious variations than k1(b, t)/k0. It is for the reason that the
crack tip (a, 0) extends into relatively stiﬀer media but the crack tip (b, 0) extends into homogeneous media
with the increase in the crack length. On the other hand, when E20/E10 = 10 > 1, as shown in Fig. 9(a) and
(b), both the peak and static values of k1(a, t)/k0 vary slightly with the increase in a0, while those of0 2 4 6 8 10
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Fig. 8. (a) Inﬂuences of the half crack length on the DSIFs of crack-tip (a, 0) when E20/E10 < 1. (b)Inﬂuences of the half crack length on
the DSIFs of crack-tip (b,0) when E20/E10 < 1.
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shown in Fig. 9 are reasonable.4.5. Inﬂuences of the thickness ratio on the DSIFs
Fig. 10 depicts the inﬂuences of the thickness ratio h2/h1 on the DSIFs. We consider a functionally graded
coating-substrate structure with the center of the crack located at the interface. In other words, c0 = 1.0. Since
the coating is usually stiﬀer than the substrate, the extreme case E20/E10 = 0.1 is considered. Further, we
assume a0 = 0.5. From Fig. 10, it is observed that the static values of both k1(a, t)/k0 and k1(b, t)/k0 decrease
with the increase in h2/h1. However, when h2/h1 > 2.0, the peak and static values of the DSIFs exhibit almost
no obvious variations with the increase in h2/h1. This implies that the DSIFs will converge to some limit values
corresponding to the semi-inﬁnite substrate with the increase in the substrate thickness.4.6. A discussion about r0(x)
In the above analysis, r0(x) is assumed to be a constant. In fact, for the present formulation, r0(x) can be an
arbitrary real function that can be determined according to the actual loading condition. Since the focus of the
present study is to present the analytical procedure of a crossing-interface crack problem, a constant r0 has
mainly been considered. In this section, we will consider a structure in which the graded layer contains an0 4 10
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Fig. 10. Inﬂuences of the thickness ratio on the DSIFs.
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352 L.-C. Guo, N. Noda / International Journal of Solids and Structures 45 (2008) 336–357embedded central crack (i.e., c0 = 0.5), E20/E10 = 0.2 and h2  0. Assume r0(x) to be proportional to the elas-
tic modulus. Namely, r0(x) = bl1(x) = bl0 e
dx = r0e
dx (b is a constant and r0 = bl0). This loading condition
is related to the far-ﬁeld uniform strain e0 along the y-direction. In this case, b = 8e0/(1 + k). The DSIFs are
normalized by k0 ¼ r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a0h1
p
. The corresponding DSIFs are shown in Fig. 11.
Summarizing all the dynamic results in Fig. 3 through Fig. 11, a general feature of the curves can be
observed, namely, the dynamic stress intensity factors increase rapidly to a peak and then tend to the static
value without noticeable oscillations. The peak value usually occurs near c2t/(a0h1) = 2.5.5. Conclusions
In this paper, the dynamic response of a functionally graded layered structure with a crack crossing the
interface is studied analytically. The inﬂuences of the Young’s modulus ratio and the geometry parameters
on the dynamic stress intensity factors are investigated. Especially, the DSIFs are shown in the case when
the crack center is changed from the center of Layer 1 to that of Layer 2 through the interface. It is found
that DSIFs typically exhibit kinking behavior when the crack tips arrive at the interface.
This study is diﬀerent from previous other investigations in the following respects:
(1) The dynamic response of a crack crossing the interface of functionally graded structures is studied ana-
lytically, which has hardly been done in the past;
(2) The present model can be reduced to some important cases, such as a functionally graded coating-sub-
strate structure with a crack in the coating or homogeneous substrate or one intersecting the interface.
Therefore, the present model can be used to study a series of dynamic crack problems in functionally
graded structures.Acknowledgments
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2 2E11j ¼
ðk 1Þl0sðsþ idÞ  l0ðkþ 1Þk11j þ ðk 1Þp q0
l0 2isþ ðk 1Þd½ k11j
; j ¼ 1; 2 ðA1Þ
B11j ¼ l0 ð3 kÞk11j  isðkþ 1ÞE11j
 
=ðk 1Þ
C11j ¼ l0 ðkþ 1Þk11j  isð3 kÞE11j
 
=ðk 1Þ;
D11j ¼ l0ðisþ k11jE11jÞ
8><
>: j ¼ 1; 2 ðA2Þ
E21j ¼
ðk 1Þl2s2  l2ðkþ 1Þk221j þ ðk 1Þp2q2
2l2isk21j
; j ¼ 1; 2 ðA3Þ
B21j ¼ l2 ð3 kÞk21j  isðkþ 1ÞE21j
 
=ðk 1Þ
C21j ¼ l2 ðkþ 1Þk21j  isð3 kÞE21j
 
=ðk 1Þ;
D21j ¼ l2ðisþ k21jE21jÞ
8><
>: j ¼ 1; 2 ðA4Þ
E12j ¼
ðkþ 1Þl0a2 þ ðk 1Þðdl0k12j þ l0k212j  p2q0Þ
l0 ðk 1Þdþ 2k12j
 
a
; j ¼ 1;    ; 4 ðA5Þ
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8><
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R211ða; pÞ ¼ ðk 3Þp
2q2 ða2l2 þ p2q2Þ½  þ k2221l2 8l2a2 þ ðk 3Þp2q2½ 
ð1þ kÞl0k221ðk221  k222Þðk221  k223Þðk221  k224Þ
ðB11aÞ
R212ða; pÞ ¼ ðk 3Þp
2q2 ða2l2 þ p2q2Þ½  þ k2222l2 8l2a2 þ ðk 3Þp2q2½ 
ð1þ kÞl2k222ðk222  k221Þðk222  k223Þðk222  k224Þ
ðB11bÞ
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2q2 ða2l2 þ p2q2Þ½ 
2ð1þ kÞl0k221k222k223k224
ðB11cÞ
R221ða; pÞ ¼ að8k
2
221l0  4p2q2Þ
ð1þ kÞðk221  k222Þðk221  k223Þðk221  k224Þ ðB12aÞ
R222ða; pÞ ¼ að8k
2
222l2  4p2q2Þ
ð1þ kÞðk222  k221Þðk222  k223Þðk222  k224Þ ðB12bÞ
R223ða; pÞ ¼ 0 ðB12cÞ
when u < h1R131ða; pÞ ¼
ð3 kÞp2q0d ð1þ kÞa2l0 þ ð3 kÞðd2l0  p2q0Þ
 
k123 þ ðk 3Þl0k2123ð2dþ k123Þ
ðkþ 1Þl0k123ðk123  k121Þðk123  k122Þðk123  k124Þ
ðB13aÞ
R132ða; pÞ ¼
ð3 kÞp2q0d ð1þ kÞa2l0 þ ð3 kÞðd2l0  p2q0Þ
 
k124 þ ðk 3Þl0k2124ð2dþ k124Þ
ðkþ 1Þl0k124ðk124  k121Þðk124  k122Þðk124  k123Þ
ðB13bÞ
R133ða; pÞ ¼ ð3 kÞp
2dq0
2ðkþ 1Þl0k121k122k123k124
ðB13cÞ
R141ða; pÞ ¼
a ð1þ kÞa2l0 þ ð3 kÞd2l0 þ ð1þ kÞp2q0  2ð1þ kÞdl0k123  ð5þ kÞl0k2123
 
ðkþ 1Þl0k123ðk123  k121Þðk123  k122Þðk123  k124Þ
ðB14aÞ
R142ða; pÞ ¼
a ð1þ kÞa2l0 þ ð3 kÞd2l0 þ ð1þ kÞp2q0  2ð1þ kÞdl0k124  ð5þ kÞl0k2124
 
ðkþ 1Þl0k124ðk124  k121Þðk124  k122Þðk124  k123Þ
ðB14bÞ
R143ða; pÞ ¼
a ð1þ kÞa2l0 þ ð3 kÞd2l0 þ ð1þ kÞp2q0
 
2ðkþ 1Þl0k121k122k123k124
ðB14cÞ
R231ða; pÞ ¼  ð1þ kÞa
2l2 þ ð3 kÞðp2q2Þ½  þ ðk 3Þl2k2223
ðkþ 1Þl2ðk223  k221Þðk223  k222Þðk223  k224Þ
ðB15aÞ
R232ða; pÞ ¼  ð1þ kÞa
2l2 þ ð3 kÞðp2q2Þ½  þ ðk 3Þl2k2224
ðkþ 1Þl2ðk224  k221Þðk224  k222Þðk224  k223Þ
ðB15bÞ
R233ða; pÞ ¼ 0 ðB15cÞ
R241ða; pÞ ¼
a ð1þ kÞa2l2 þ ð1þ kÞp2q2  ð5þ kÞl2k2223
 
ðkþ 1Þl2k223ðk223  k221Þðk223  k222Þðk223  k224Þ
ðB16aÞ
R242ða; pÞ ¼
a ð1þ kÞa2l2 þ ð1þ kÞp2q2  ð5þ kÞl2k2224
 
ðkþ 1Þl2k224ðk224  k221Þðk224  k222Þðk224  k223Þ
ðB16bÞ
R243ða; pÞ ¼ aða
2l2 þ p2q2Þ
2l2k221k222k223k224
ðB16cÞwhen uP h1R131ða; pÞ ¼
ðk 3Þp2q0dþ ð1þ kÞa2l0 þ ð3 kÞðd2l0  p2q0Þ
 
k121 þ ð3 kÞl0k2121ð2dþ k121Þ
ðkþ 1Þl0k121ðk121  k122Þðk121  k123Þðk121  k124Þ
ðB17aÞ
R132ða; pÞ ¼
ðk 3Þp2q0dþ ð1þ kÞa2l0 þ ð3 kÞðd2l0  p2q0Þ
 
k122 þ ð3 kÞl0k2122ð2dþ k122Þ
ðkþ 1Þl0k122ðk122  k121Þðk122  k123Þðk122  k124Þ
ðB17bÞ
R133ða; pÞ ¼ ð3 kÞp
2dq0
2ðkþ 1Þl0k121k122k123k124
ðB17cÞ
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a ð1þ kÞa2l0 þ ð3 kÞd2l0 þ ð1þ kÞp2q0  2ð1þ kÞdl0k121  ð5þ kÞl0k2121
 
ðkþ 1Þl0k121ðk121  k122Þðk121  k123Þðk121  k124Þ
ðB18aÞ
R142ða; pÞ ¼
a ð1þ kÞa2l0 þ ð3 kÞd2l0 þ ð1þ kÞp2q0  2ð1þ kÞdl0k122  ð5þ kÞl0k2122
 
ðkþ 1Þl0k122ðk122  k121Þðk122  k123Þðk122  k124Þ
ðB18bÞ
R143ða; pÞ ¼
a ð1þ kÞa2l0 þ ð3 kÞd2l0 þ ð1þ kÞp2q0
 
2ðkþ 1Þl0k121k122k123k124
ðB18cÞ
R231ða; pÞ ¼ ð1þ kÞa
2l2 þ ð3 kÞðp2q2Þ½  þ ð3 kÞl2k2221
ðkþ 1Þl2ðk221  k222Þðk221  k223Þðk221  k224Þ
ðB19aÞ
R232ða; pÞ ¼ ð1þ kÞa
2l2 þ ð3 kÞðp2q2Þ½  þ ð3 kÞl2k2222
ðkþ 1Þl2ðk222  k221Þðk222  k223Þðk222  k224Þ
ðB19bÞ
R233ða; pÞ ¼ 0 ðB19cÞ
R241ða; pÞ ¼
a ð1þ kÞa2l2 þ ð1þ kÞp2q2  ð5þ kÞl2k2221
 
ðkþ 1Þl2k221ðk221  k222Þðk221  k223Þðk221  k224Þ
ðB20aÞ
R242ða; pÞ ¼
a ð1þ kÞa2l2 þ ð1þ kÞp2q2  ð5þ kÞl2k2222
 
ðkþ 1Þl2k222ðk222  k221Þðk222  k223Þðk222  k224Þ
ðB20bÞ
R243ða; pÞ ¼ aða
2l2 þ p2q2Þ
2l2k221k222k223k224
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